A circulant C(n; S) with connection set S = {a 1 , a 2 , . . . , a m } is the graph with vertex set Z n , the cyclic group of order n, and edge set E = {{i, j} : |i − j| ∈ S}. The chromatic number of connected circulants of degree at most four has been previously determined completely by Heuberger [C. Heuberger, On planarity and colorability of circulant graphs, Discrete Math. 268 (2003) 153-169]. In this paper, we determine completely the chromatic number of connected circulants C(n; a, b, n/2) of degree 5. The methods used are essentially extensions of Heuberger's method but the formulae developed are much more complex.
Introduction
Let n and 1 ≤ a 1 < a 2 < · · · < a m ≤ n/2 be positive integers. A graph G = (V, E) is called a circulant of order n if V = {0, 1, . . . , n − 1}, E = {{i, i + a j (mod n)} : 0 ≤ i ≤ n − 1, 1 ≤ j ≤ m}, and is denoted by C(n; a 1 , a 2 , . . . , a m ).
The chromatic number of circulants of degree ≤ 4 has been completely determined in [2] . In this paper we deal with connected 5-valent circulants. Therefore n ≥ 6 is even, m = 3 and a 3 = n/2. We use the notation G = C(n; a, b, n/2), where 1 ≤ a, b < n/2 and a = b. Notice that G is connected iff gcd(a, b, n/2) = 1.
The following result completely determines the chromatic number of connected 5-valent circulants.
Theorem 1. Let n ≥ 6 be even and G = C(n; a, b, n/2) be a connected circulant. Let g = gcd(a, b, n). Then
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Lemma 8. Let n ≡ 0 (mod 4) and
Proof. Let n = 2m. Denote by x and r unique integers satisfying the equality m = bx + r , where 0 ≤ r < b. Hence x = 2, r is even and 2 ≤ r ≤ b − 1. Given x = 2 and r , we define a 3-coloring of G by specifying a coloring sequence w x,r of length n over the alphabet {B, G, R}.
4 . Let k and p denote unique integers satisfying the equality b = kr + p, where 0 ≤ p < r . Hence k ≥ 1 and moreover if k = 1 then p > 0. Consider separately following subcases: I.A. b is even and k is even. Then p is even. Let
b is even and k is odd. Then p is even. Let
is not 3-colorable, which was verified by a computer.
For b = 5 the circulant G = C(24; 1, 5, 12) is not 3-colorable, as verified by a computer. Similarly as in the above proof, we verify the correctness of the prescribed colorings by comparing sequences w x,r , w x,r ρ b , w x,r ρ m .
I.A. Let s
2 and z = p 2 . Then b = (t + 1)(4s + 4) + 2z and r = 2s + 2. Note that s ≥ 1, t ≥ 0, z ≥ 0 and s ≥ z. We get
2 . Then b = t (4s + 4) + 2s + 2z + 3 and r = 2s + 2. Note that s ≥ 1, t ≥ 0, z ≥ 0 and s ≥ z. For k ≥ 3 we get
II. r = 2. For b = 3k + 1, where k ≥ 1, we get
Lemma 9. Let n be even and (20; 1, 6 , 10) or G = C (22; 1, 8, 11 ) or G = C (28; 1, 8, 14) or G = C (28; 1, 11, 14) or G = C(40; 1, 11, 20).
Proof. Let n = 2m. Denote by x and r unique integers satisfying the equality m = bx + r , where 0 ≤ r < b. Hence x = 1 and 2 ≤ r ≤ b − 1. Notice that b and r are of the same parity if n ≡ 0 (mod 4) and b is even, r is odd otherwise. Given b and r , denote by k and p unique integers satisfying the equality b = kr + p, where 0 ≤ p < r . Hence k ≥ 1. Given x = 1 and r we define a 3-coloring of G by specifying a coloring sequence w 1,r of length n over the alphabet {B, G, R}. I. Let p ≥ 3. Denote by l and q unique integers satisfying the equality r = lp + q, where 0 ≤ q < p. Hence l ≥ 1 and moreover q ≥ 1 if l = 1. Consider separately the following subcases: I.A. p is even and q is even. Then b and r are even. Let
] k for even l and
p is even and q is odd. Then r is odd. Let
I.C. p is odd and q is even. Then r is odd. Hence l is odd. Let
p is odd and q is odd. Then r is odd. Hence l is even. Let
Consider separately the following subcases: II.A. k = 1. Let b = 3i + 4, where i ≥ 0, and
For b = 6 the circulant G = C(20; 1, 6, 10) is not 3-colorable (verified by a computer). If b = 3i + 11, where i ≥ 1, let 
2 . C. k ≥ 2 and r is odd. Let r = 2l + 3, where l ≥ 1, and
For b = 11 and r = 3 (then k = 3) as well as for b = 8 and r = 3 (then k = 2) the circulants G = C(28; 1, 11, 14) ( C (28; 1, 5, 14) ) and G = C(22; 1, 8, 11), respectively, are not 3-colorable (verified by a computer). III. Let p = 1. Then b = kr + 1 and r is odd (r ≥ 3). Let 
while for odd l ≥ 3 (then b = k[t (4s + 4) + 2s + 2z + 2] + 2s + 2 and r = t (4s + 4) + 2s + 2z + 2) and for l = 1 (then b = k[2s + 2z + 2] + 2s + 2 and r = 2s + 2z + 2) G has the following 4-coloring sequence w n over the alphabet {B,
I.B. Let s =
Lemma 12. Let n ≥ 8 and 4 | n. The circulant G = C(n; 1,
Proof. Notice that the vertices 0, Proof. Let G denote one of the listed circulants; these are the exceptional circulants of Theorem 10. By the proofs of Lemmas 8 and 9 we get χ (G) > 3. Let u n,b denote a coloring sequence of G over the alphabet {B, G, R, Y }. If b is odd then 4 | n and we take u n,b = (BG) n/4 (RY ) n/4 . Moreover we define u 20,6 = (BG RY ) 5 ,
Case a ≥ 2
By Claim 2 we may assume gcd(a, b) ≤ 2. In the case gcd(a, b) = 2 (then n ≡ 2 (mod 4) by Claim 2) the following proposition determines the chromatic number.
Proposition 15. Let n ≡ 2 (mod 4), n ≥ 10 and gcd(a, b) = 2.
Then χ (G) = χ (C(n/2; a/2, b/2)). In particular, χ(G) = 4 if n ≡ ±1 mod 3, n = 10, and (b ≡ ±2a (mod n) or a ≡ ±2b (mod n)), χ(G) = 4 if n = 26, and (b ≡ ±5a (mod 26) or a ≡ ±5b (mod 26)), χ(G) = 5 if n = 10, and χ (G) = 3 otherwise.
Proof.
Here n/2 is odd. Take the subgroup of index 2 of Z n consisting of even numbers. Since both a, b are even, the respective induced subgraph of G is C(n/2; a/2, b/2). Hence χ (G) ≥ χ (C(n/2; a/2, b/2)). On the other hand, G consists of two copies, H 0 ,H 1 , of C(n/2; a/2, b/2) joined by edges of the form (i, i + n/2). Let φ be a coloring of H 0 employing minimum number of colors m = χ (G(n/2; a/2, b/2)). Clearly, G admits a cyclic automorphism α taking x → x + a. Hence the equation ψ(x + n/2 + a) = φ(x) defines a minimum coloring on vertices of H 1 . We claim that φ ∪ ψ is a proper coloring of G. Indeed, let x and x + n/2 be two vertices. Let c be the color of x. Then by definition x + n/2 + a is colored by c as well. Since the coloring is proper on H 1 , the color of x + n/2 is different from c. Thus the coloring φ ∪ ψ is proper proving χ (G) ≤ χ (C(n/2; a/2, b/2)). The remaining part of the statement follows from Theorem 3 in [2] classifying the chromatic number of 4-valent circulants. Since n/2 is odd, G cannot be bipartite.
In what follows we consider the case when gcd(a, b) = 1. If b ≡ ±2a (mod n) or a ≡ ±2b (mod n) then either a = 1 or b = 1. Moreover, if a + b = n/2 then clearly gcd(a, n) = 1 or gcd(b, n) = 1.
Suppose that gcd(a, n) = 1 or gcd(b, n) = 1. The chromatic number of G is determined by Theorem 10, Lemmas 11-14 and Claim 3. Therefore in what follows we assume gcd(a, n) > 1 and gcd(b, n) > 1.
Theorem 16 Let n = 2m, g = gcd(a, n) and λ = n g . Notice that g (≥3) is odd and λ is even, moreover λ ≥ 6. Denote by H = a the cyclic subgroup of Z n generated by a. Clearly, λ is the order of H and λ 2 a ≡ m (mod n). The elements of Z n can be decomposed into g cosets of the form H + jb, j = 0, 1, . . . , g − 1. Let the elements in a coset H + jb be ordered as follows: jb, jb + a, jb + 2a, . . . , jb + (λ − 1)a. Clearly, gb is the element of the coset H + 0b. Thus gb ≡ xa (mod n) for some x such that 0 ≤ x ≤ λ − 1. Since one of x, λ − x is not greater than λ/2 and (n − x)a is the element of H + 0b, w.l.o.g. we may assume that 0 ≤ x ≤ λ/2. For each element f of Z n there exists a unique couple (i, j) ∈ Z λ × Z g such that f = ia + jb, where j and i uniquely determine a coset and a position of f in H + jb, respectively.
A 3-coloring of G can be defined by specifying g coloring cyclic sequences ψ j , j = 0, 1, . . . , g − 1, each of length λ, over the alphabet {B = 0, G = 1, R = 2}. Let c i, j denote a color of the element ia + jb ∈ Z n . We have to guarantee that:
For even j = 0, 2, . . . , g − 3 we take ψ j = ω λ . For odd j = 1, 3, . . . , g − 2 as well as j = g − 1 we put c i, j = c i, j−1 + 1 (mod 3), where i ∈ Z λ . Conditions (1) and (2) are satisfied because ω λ is a proper coloring ofḠ. It is clear that (3) and (4) are also guaranteed. IV. 4 ≤ x ≤ λ/2. LetG denote a 5-valent circulantG = C(λ; 1, x, λ 2 ). AssumeG is 3-colorable, by Theorem 10, and ϕ is a proper coloring cyclic sequence. We put ψ j = ϕ for even j = 0, 2, . . . , g − 1 and ψ j = ϕσ x for odd j = 1, 3, . . . , g − 2. Since ϕ is a proper coloring ofG, conditions (1) and (2) are clearly satisfied. If c i, j corresponds to a kth term of ϕ then, for j < g − 1, c i, j+1 is either a color of (k + x)th term (if j is even) or (k − x)th term (if j is odd) of ϕ; thus (3) is guaranteed. Similarly, if c i,g−1 corresponds to lth term of ϕ then c i+x,0 is a color of (l + x)th term of ϕ, whence (4) is satisfied.
It remains to consider cases whenG is not 3-colorable; in almost all of those cases we define a circulant G = C(λ; 1, y, λ 2 ) such that either y = x + 2 or y = x − 2. Assume that x = λ/4. Since x ≥ 4 we immediately get x + 2 < λ 2 − 1. Notice that if x + 2 = 6, x + 2 = 8 or x + 2 = 11, then λ = 16 = 20, λ = 24 = 22, 28 or λ = 36 = 28, 40, respectively. Therefore we put y = x + 2. Assume that x = λ 2 − 1. For x > 5 we get x − 2 > λ/4. Notice that if x − 2 = 6 then λ = 18 = 20. If x = 4, 5, 7, 10, 13 we take y = x − 2. Similarly, for the following pairs (x, λ): (5, 24), (5, 28), (6, 20), (8, 22), (8, 28), (11, 28) and (11, 40) we put y = x − 2. By Theorem 10, circulantsĜ for y's specified above are 3-colorable. Let φ be a coloring cyclic sequence ofĜ. We take ψ j = φ for even j = 0, 2, . . . , g − 3, ψ j = φσ y for odd j = 1, 3, . . . , g − 2 and moreover ψ g−1 = φσ y−1 if y = x + 2 and ψ g−1 = φσ y+1 otherwise. Since φ is a proper coloring ofĜ, conditions (1) and (2) are clearly satisfied. Let c i, j correspond to a kth term of φ. Then, for j < g − 2, c i, j+1 is either a color of (k + y)th term (if j is even) or (k − y)th term (if j is odd) of φ. If c i,g−2 corresponds to pth term of φ then c i,g−1 is a color of ( p + 1)th term (if y = x − 2) or ( p − 1)th term (if y = x + 2) of φ. Thus (3) is guaranteed. Similarly, if c i,g−1 corresponds to lth term of φ then c i+x,0 is a color of (l + 1)th term (if y = x − 2) or (l − 1)th term (if y = x + 2) of φ, and therefore (4) is satisfied.
Similarly as in III, in the remaining cases, i.e. for pairs (x, λ): (4, 10), (5, 12), (5, 16), (7, 16), (10, 22) and (13, 28), we define corresponding coloring cyclic sequences ω x,λ : 3 R, ω 10,22 = (BG) 11 and ω 13,28 = (BG) 7 R(BG) 6 R, respectively. Since these sequences are proper colorings ofḠ = C(λ; 1, λ 2 }, conditions (1) and (2) are satisfied. The additional property, that for any pair of terms c i and c i+x of ω x,λ we have c i + 2 ≡ c i+x (mod 3), guarantees (3) and (4). Namely, for even j = 0, 2, . . . , g − 3 we take ψ j = ω x,λ , while for odd j = 1, 3, . . . , g − 2 as well as j = g − 1 we put c i, j = c i, j−1 + 1 (mod 3), where i ∈ Z λ .
V. x = λ/2. We define ψ j = γ for even j = 0, 2, . . . , g − 3, ψ j = γ σ λ 2 for odd j = 1, 3, . . . , g − 2, while ψ g−1 = γ σ λ 2 −1 , where γ is a proper coloring cyclic sequence ofḠ. Thus conditions (1) and (2) are immediately satisfied. Assume that c i, j corresponds to a kth term of γ . Then, for j < g − 2, c i, j+1 is a color of (k + λ 2 )th term of γ . Moreover, if j = g − 2 then c i, j+1 is a color of (k − 1)th term of γ . Therefore (3) is guaranteed. Similarly, if c i,g−1 corresponds to lth term of γ then c i+x,0 is a color of (l + 1)th term of γ , and therefore (4) is satisfied.
Assume that b = n 4 . Since gcd(a, b) = 1 and g = gcd(a, n) > 1, therefore a is even, b is odd and either g = 2 or g = 4.
Lemma 17. Let n ≡ 4 (mod 8) and g = gcd(a, n) = 2 or g = 4. A circulant G = C(n; a, 
Final result
Proof of Theorem 1. Notice that for n = 6 the only 5-valent circulant is G = C(6; 1, 2, 3) which clearly has χ(G) = 6. Moreover, χ (C(10; 2, 4, 5)) = 5 by Proposition 15.
Assume that a + b = n/2. Then gcd(a, n) = 1 or gcd(b, n) = 1 and the chromatic number of G is determined by Lemma 13 and Claim 3. In the case when a = n 4 or b = n 4 we apply Lemmas 12 and 17, and possibly Claim 3. If (b ≡ ±2a (mod n) or a ≡ ±2b (mod n)) then either gcd(a, n) = 1 or gcd(b, n) = 1 or both a, b are even (and then n 2 is odd). To determine χ (G) we apply Lemma 11, Claim 3 and Proposition 15. Notice that G is bipartite iff a, b and n 4 are odd; then immediately χ (G) = 2. If either (b ≡ ±5a (mod n) or a ≡ ±5b (mod n)) for n = 16, 24, 28, or (b ≡ ±6a (mod n) or a ≡ ±6b (mod n)) for n = 20, or (b ≡ ±8a (mod n) or a ≡ ±8b (mod n)) for n = 22, 28, or (b ≡ ±11a (mod n) or a ≡ ±11b (mod n)) for n = 40, then g = 1 and moreover gcd(a, n) = 1 or gcd(b, n) = 1. Therefore to determine χ (G) we apply Lemma 14 and Claim 3. Notice that C(16; 1, 5, 8) C(16; 1, 3, 8) and C(28; 1, 11, 14) C(28; 1, 5, 14) .
If (b ≡ ±5a (mod n) or a ≡ ±5b (mod n)) and g = 2 for n = 26 then we apply Proposition 15.
In the remaining cases the chromatic number is determined by Theorems 10 and 16, Claim 3 and Proposition 15.
Conclusion
Even though we determine the chromatic number of 5-valent circulants completely, our proof is fairly complicated. It is a desirable goal to provide a simpler proof if possible.
It does not appear feasible to determine the chromatic number of 6-valent circulants C(n; a, b, c) by the method in the present paper. However, let us point out that the chromatic number of a special class of 6-valent circulants, namely of those satisfying a + b = c, has been completely determined in [3] and the references therein.
